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Abstract 

In this paper we give an L p -theory for stochastic parabolic equations with random fractional 
Laplacian operator. The driving noises are general Levy processes. 
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1 Introduction 

Let d, m > 1 be positive integers, p G [2, oo) and a G (0,2). As usual M. d stands for the Euclidean 
space of points x = (x 1 , x d ). We will use dx to denote the Lebesgue measure in either M. d or M. m , 
which is clear in each context. 

In this article we are dealing with L p -theory of the stochastic partial differential equations of 
the type 

oo 

du = (a(ui, t)A a/2 u + f(u)) dt 9 k ( u ) ■ dz t, ^(0) = u (1.1) 

fe=i 

given for oj G Cl,t > and x G Here Q is a probability space, A a / 2 is the fractional Laplacian 
defined in (|2^]L Z t fc are independent m-dimensional Levy processes, and the functions / and vector- 
valued function g k = (g k ' 1 , . . . g k ' m ) depend on (co,t,x,u) satisfying certain continuity conditions. 
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Our result will cover the case 

f(u) = b(uj, t, x)A /3l//2 u + c 1 (oj, t, x)u x il a> \ + d(u, t, x)u + /q, 
cfj(u) = a k ' j (uj,t,x)A^/ 2 u + 1 y k ^(uj,t,x)u + g kd , j = l,...m. 

where f3± < a and 2 < a/2 (see Assumptions 12. 131 and |377|) . 

An Lp-theory of (jl.ip is introduced in [7J for the case that a(u,t) = 1 and are only finitely many 
Winer processes appear in the equation. The approach in [7] cannot cover the case when there are 
infinitely many Wiener processes, and the assumptions on g in [7] are stronger than conditions in our 
paper (See Remark 12.121 below). Moreover equations driven by jump processes are not considered 
in |7J. A Holder space theory for more general (but non-random) integro-differential equations 
driven by Hilbert space-valued Wiener process is given in [19] (also see [18] for a deterministic 
equation). Even though the main result in [193 provide a nice Holder regularity of the solution 
to such problem, due to the Holder-type function spaces defined there, assumptions on / and g 
are quite strong. Furthermore in [19] the equations with discontinuous Levy processes are not 
considered. We emphasize that the approach of this paper, based on L p theory in p3], is different 
from [19J . Our results include the case when / and g are only distributions and the number of 
derivatives of / and g are negative and fractional. On the other hand if / and g are sufficiently 
smooth in x then Sobolev embedding theorem combined with our L p -theory gives pointwise Holder 
continuity of the solution even when Z k are general Levy processes. 

Lp-theory for second-order stochastic parabolic equations driven by Wiener processes was first 
established by Krylov p3]. Recently in [6 J L p regularity theory for second-order stochastic parabolic 
equations driven by Levy processes is discussed. 

In this paper, we establish an L p -theory for stochastic parabolic equations with the random 
fractional Laplacian driven by arbitrary Levy processes. Our result includes the case when the 
equation is driven by Levy space-time white noise (see Theorems 14.31 and I4.4p . Among main tools 
used in the article to study L p -regularity theory are Burkholder-Davis-Gundy inequality and a 
parabolic version of Littlewood-Paley inequality for the fractional Laplacian operator introduced 

nn. 

The organization of this article is as follows. First, in section [2j we prove uniqueness and 
existence results of equation (jl.ip driven by Wiener processes in the space 

(Theorem I2.15p . Here p € [2, oo) and 7 € R. In section [3] we extend Theorem 12.151 for the case 
when Z k are Levy processes and Z k have finite p-th moments (see condition (|3.2p ). In section 
the condition (|3.2p is weakened, and the uniqueness and existence results are proved in the space 
L p ,i oc (tt x [0,T],H^ +a/2 ). The condition $F2§ can be completely dropped if only finitely many 
Levy processes appear in the equation. 

If we write c = c(...), this means that the constant c depends only on what are in parenthesis. 
The constant c stands for constants whose values are unimportant and which may change from one 
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appearance to another. The dependence of the lower case constants on the dimensions d, m may 
not be mentioned explicitly. We will use ":=" to denote a definition, which is read as "is defined 
to be". For a, b G R, a A b := min{o, b} and a V b := max{a, b}. Let C^°(R d ) be the collection 
of smooth functions with compact supports in M. d . Most of functions we discuss in this paper are 
random (depend on w G fi). For notational convenience, we suppress the dependency on u in most 
of expressions 

2 Stochastic Parabolic equations with the random fractional Lapla- 
cian driven by Wiener processes 

Let (fi, T, P) be a complete probability space, {Tt,t > 0} be an increasing filtration of cr-fields 
Tt C J 7 , each of which contains all (J 7 , P)-null sets. We assume that on Q we are given independent 
one-dimensional Wiener processes W^,W^,... relative to {Tt,t > 0}. Let V be the predictable 
ex-field generated by {Tt,t > 0}. 

Let p(t,x), where t > 0, denote the inverse Fourier transform of e - ^™' in R d , that is, 

For a suitable function g and t > 0, define the corresponding convolution operator 

T t g(x) := (p(t, •) * g(-))(x) := [ p(t, x - y)g(y)dy, (2.1) 

JR d 

and define 

d*g(x) = At g(x) = -(-A)%g(x) ■= ^(-KI^XOXx), (2-2) 

where -7-"(g)(£) = g(£) ■= Jr>i er l ^' x g(x)dx is the Fourier transform of g in R d . 

In this section we study the nonlinear equations of the type 

00 

du= (a(w,t)A a / 2 u + /(u)) dt + ^2g k (u)dW t k , u(0) = u , (2.3) 

k=i 

where a(u,t) G (5, 5 _1 ) for some 5 > 0, and /(u) = f(uj,t,x,u) and <7 fc (ii) = g h (ui,t,x,u) satisfy 
certain continuity conditions, which we will put below. 

First we introduce some stochastic Banach spaces. Let (4>,ip) := / Rd 4>(x)ip(x)dx and for p > 1, 

L p = L p (R d ) := {0 : R d -> R, := / |0(x)| p dx < 00}. 

For n = 0, 1, 2, define 

fl£ = H T p l (R d ) := ju : u, Du, £> n u G L p (R d )| . 
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In general, for 7 G K define the space Hp = Hp<(R. d ) = (1 - A)~t/ 2 L p ( ca lled the space of Bessel 
potentials or the Sobolev space with fractional derivatives) as the set of all distributions u on M. d 
such that (1 - Ay/ 2 u G L p . For u G H%, we define 



u 



v •" 



T-\{\ + \t\yi*T{u){£)\\ 



(2.4) 



where J 7 is the Fourier transform in M. d . For ^-valued g = (g 1 ^ 2 , ■ ■ • ), we define 



isik(4) : = iia-Ar /2 5i 



^[(i+ier) 7/ ^)(a] 



£ 2 Hp- 



Let V be the completion of V with respect to dP x (it, and H$(T) := L p (Q x [0, T], V, H%), that 
is, Hp(T) is the set of all "P-measurable processes u : £1 x [0, T] — s> .Hp so that 



E 



|u(u>, i)||^ 7 (ft 







l/p 



< 00. 



Lemma 2.1 For any [3 > 0, r, 1 ^) := ^jff^ , 7$ = (r$) \ r? 3 := and r/ 4 := (1+ ||| l 2 ) /»/2 

are L p (M. d ) -multipliers, that is, 

-1 



IIJ-- 1 [vp(0(^)(0) h P < c(p,P)\\ U \\ Lp , i = 1,2,3,4. 
Proof. See Theorem 0.2.6 of [24J (also see the remark below the theorem). 

Lemma 12.361 easily yields the following results. 
Corollary 2.2 (i) Let 7 > 0. There exists a constant c = 0(7) > so that 

lig < (NUp + \\d2 /2 u\\ Lp ) < c~ 1 ||u|[ H j. 



□ 



c u 



(ii) For any /3sK, 



A a/2 u\\ Hf , < c(a,P)\\u\\„p+*. 



Remark 2.3 Let 7, ft > 0. Then due to the well-known inequality 

\\u\\ Lp < £\\u\\hZ +c(e,7»^)||u|| fr -/j, 

it also follows 

\\u\\ h; < c(7,/M(|M|j J .- i9 + \\9I /2 n\\L p ). 

For ^-valued P-measurable processes g = (g 1 , g 2 ,...), we write g € H^(T, £2) if 

\ Vp 



\9\\mj(T,e 2 ) 



E 



(2.5) 



J \\\{1-Ay' 2 g{u,t)\ e2 \\*dt) <oo. 
Denote L P (T) := H°(T) and Lp(T,^ 2 ) = H°(T,^ 2 )- Finally, we say u G C/p 7 if u is 7" -measurable 

i/p 



function O — > .Hp and 



Folic/; 



E 



< 00. 
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Remark 2.4 It is easy to check (see Remark 3.2 in p3| for detailed proof) that for any 7 G 
(-00,00), g G Ml(T,£ 2 ) and <p G Cg°(K d ) we have ££L 1 / ( f(0 fc (w,*),<£) 2 cft < 00 a.s., and con- 
sequently the series of stochastic integral /q (ff fc (w, s), <p)dWg converges uniformly in f in 
probability on [0, T]. 

Definition 2.5 P^nte u G %l +a {T) if u G M^ +a (T), n(0) G U^ +a ' a/p , and /or some / G Hj(T) 
and 5 G M^ +a/2 (T, £ 2 ) 

00 

d« = /dt + ^^ fc dWi fc , /ortG[0,T] 
fc=i 

in i/te sense of distributions, that is, for any <fi G Cq* 

ft 00 pt 



(«(*), ^) = K0), 0) + / (f(s),<f,)da + V / tfislfidW* (2.6) 
Jo fc=1 Jo 

/10/ds /or all t <T a.s.. In this case we write 

Ou:=f, 8 k u:=g k , Su := (S\ . . . , § fc n, . . . ) 

and define the norm 

W U \\Hl +a (T) := ll w ll]H5 +a (T) + II^MIh^T) + H §n llH^ +a/2 (T/ 2 ) + IK ) II [£+«-«/*• (2.7) 

Theorem 2.6 T/ie space l~Lp +a (T) is a Banach space, and for every < t < T 
E sup \\u(s, -)||^7 



< c(p,T,a) ( HBttlgj^ + llSuHj^ + IK0)|iy - (2.f 



Ml£j (t) ^ <P^ a )J Q W u W P H l+ <* {s) ds - ( 2 - 9 ) 



In particular, for any t <T, 



Remark 2.7 Note that a is not involved in 

Proof. See Theorem 3.7 in [14.. Actually in p3] the theorem is proved only for a = 2, but the 
proof works for any a G (0,2). We will give the detailed proof of Theorem 13.41 below, which is the 
counterpart of Theorem 12.61 for pure-jump Levy processes. □ 

Remark 2.8 It follows from ([2T3]) that for any G R, the operator (1 - Ay I 2 : H% -> H^~^ is 
an isometry. Indeed, 



||(1 - Ay/ 2 u\\ Hr » = ||(1 - A)(^)/ 2 (l - A)^ 2 u\\ p = ||(1 - A)^ 2 n|| p 
The same reason shows that (1 - A)^ 2 : 7ip{T) -> 7# -A4 (T) 

is an isometry. 



lUlljtfT. 



5 



Theorem 2.9 (%) For any deterministic functions f = f(t,x) and uq = uq(x) with 

/ !!/(*>•) 11^7 dt < oo, ||it || „ 7 +«-«/ P < oo, 
Jo p p 

i/te (deterministic) equation 

ut = A a/2 n + /, u(0) = n 
/ms a unique solution u with f„ T \\u(t, •)||? rr+a < oo ; and /or every < £ < T 

/* H^OII^+aCfa < c(p,T) (J \\f(s,-)\\^ds+ \\n f Hra _ a A . (2.10) 

(ii) For any f G Hp(T) and uq € Up +a Q//p , f/ie equation 

ut = A a/2 u + /, n(0) = u (2.11) 
/ias a unique solution u G Hp +Q (T) and /or every < £ < T 

ll«ll^+«( t ) < C (P> T ) (||/IIb5(«) + WuoW^+c-c/p) ■ (2.12) 

Proof, (i). See, for instance, Theorem 2.1 in [18J. 

(ii). This result is also known. See, for instance, Lemma 3.2 and Lemma 3.4 of [7]. Actually 
since equation (|2.1ip is deterministic for each fixed u, the claim of (ii) can be obtained from (i). 
Indeed, the uniqueness and estimate (|2.12p are obvious by (i). For the existence of solution, assume 
that uq and / are sufficiently smooth in x, then using Fourier transform one can easily check that 



u(t) := T t u + / T t - S fds 
Jo 



solves (|2.1ip and is in T-Q, +a {T). For general ito and / it is enough to use a standard approximation 
argument (see, for instance, the proof Theorem 12. lip . 

□ 

Now we give our assumption on a(oj,t). 

Assumption 2.10 The process a(uj,t) is predictable and there is a constant 5 > so that 

5 < a(ui,t) < Va;, £. 

Now we present an L p -theory for linear stochastic parabolic equations with random fractional 
Laplacian. 



G 



Theorem 2.11 Let p G [2,oo) and 7 G R. For any f G E$(T), g G H^ +a/2 (T, £ 2 ) and u G 
Up +a , f/ie linear equation 

00 

du = (a(w, t)A a / 2 u + /) (it + ^ g k dW t k , u(0) = u , (2.13) 

fe=l 

admits a unique solution u in Hp +a (T), and for this solution 

\\ U W-Hj +a {T) ^ C (P> T ^) (ll/lllH?(T) + IMI H T+c«/2py; 2) + IKIIj^+a-a/j.) • (2-14) 

Remark 2.12 (%) Recall that the unique solution u G 7ip +a (T) is understood in the sense of 
distributions as in Definition \2.5[ that is, for any <f> G C^°(M. d ), 

ft 00 ft 

(u(t), 0) = KO), <f>) + / (a(w, s)(u, A^tj)) + (/(*), 0)) ds + Y, / (/(*), 0)aW* 

/10/ds for all t <T a.s.. 

(ii) A version of Theorem \2.11\ is proved in JW under stronger conditions on g and the processes. 
Precisely in JW it is assumed that a(ui,t) = 1, g G Mp +a ^ 2+£ (T) , e > 0, and there are only finitely 
many Wiener processes in equation t2.13\) . 

Proof. Step 1. Owing to Remark 12 .81 we only need to show that the theorem holds for a particular 
7 = 70 . Indeed, suppose that the theorem holds when 7 = 70- Then it is enough to notice that 
u G l-Lp +a {T) is a solution of the equation if and only if u := (1 — A)( 7-7 °)/ 2 u G "Hp 0+a is a solution 
of the equation with 

T /-, . s (t-TQ> (7-7Q) (7-7q) 

/:=(1-A)^i— /, ff:=(l-A)^^ 5 , u := (1 - A)^^u , 
in place of /, 5 and ito, respectively. Furthermore, 



IMIh 7+q (t) ~ INIh 70+q (t) - c \\\j\\m], (T) + II5II h t;o+«/2+so( T) | 2 ) + INI| -7 +«-«/p 

= C (||/|| H 7 (T) + ll£ll H 7+<*/2+e 0(T ^ 2) + ll t *oll I ^+«-'*/f) • 

Step 2. Next we assume a(w,i) = 1 and prove the theorem for the equation: 

00 

du = A a / 2 udt + Y,9 h dW t k , «(0) = 0. (2.15) 
fc=i 

Remember that we may assume 7 = —a/2. Since the uniqueness of (|2. 15|) follows from results 
for the deterministic equations (Theorem I2.9P , we only need to show that there exists a solution 
u G Mp^ 2 (T) of (|2.15p and u satisfies estimate (|2.14|) with / = uq = and 7 = —a/2. 
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For a moment, assume Nq > is a fixed non-random constant, g k = for all k > Nq and 

g k (t,x) =^2l ( ^ i] (t)g ki (x) for k < N , (2.16) 

i=0 

where r- are bounded stopping times and g ki (x) 6 Cg°(R a! ). Define 



jvy /.J ^>0 ""ft 

,(t,x):=^2 9 k {s,x)dW k = Y,Y.9 kl ^ W L* ~ W i 

/fl 2+1 

k=l JU fc=l i=l 



t At?" > 



and 



x) := u(i 



,x)+ f A a/2 T t „ s v(s,x)ds = v(t,x) + / r t _ s A a / 2 u(s,a;)<is. (2.17) 

Using Fourier transform one can easily show (See, for instance, [7]) that if functions h\ = hi(t,x) 
and hi = h 2 {x) are sufficiently smooth in x then 



wi(t,x) := / T t ^ s hi(s,x)ds, w 2 (t,x) = T t h 2 (x) 



solve 



dtui = (A a / 2 wi + h x ) dt, Wl (0) = 0, 
dw 2 = A a / 2 w 2 dt, w 2 (0) = h 2 . 
Therefore we have d(u — v) = (A a / 2 (u — v) + A a l 2 v)dt = A a / 2 udt, and 



N 



du = A a/2 udt + dv = A a/2 udt + g k dW t k 



k=l 



Also by (|2.17p and stochastic Fubini theorem ([22, Theorem 64]), almost surely, 

No ,t 



u(t,x) = v(t,x) + Y] [ [ A a / 2 T t . s g k (r,x)dW k ds 
k=1 Jo Jo 

NO ft ft Q 

= v(t,x)-J2 / 7r T t . s g k (r,x)dsdW k 



k=l 



Jr 



Hence, 



No ,t 

= E / T t _ s g k (s,x)dW k . 
k=i Jo 

No ft 

d^ 2 u(t,x) = Y J / d^ 2 T t . s g k (s,-)(x)dW k 



and by Burkholder-Davis-Gundy's inequality, we have 



E 



\d^ 2 u(t,x)\ p ] < c(p)E 



t No 

^2\d°/ 2 T t _ s g k (s r )(x)\ 2 ds 

k=l 



p/2- 



(2.18) 



Now we use a parabolic version of Littlewood-Paley inequality for fractional Laplacian (Theorem 
2.3 in [IT]) 

/ / / \d° /2 T t ^g( S ,-)(x)\l 2 ds dtdx<c(a,p) / \g(t, x)\% dtdx (2.19) 
jR d Jo Uo J Jm d Jo 



and get 



E 



^ 2 u(t,-)\\ p p dt 



< c(p)E 



llls(V)M£dt 



(2.20) 



Similarly, (|2.18p and Burkholder-Davis-Gundy's inequality yield 

E[\u(t,x)\ p ] < c(p)E 



p/2- 



(2.21) 



Since (J2k=i K\ 2 ) p/2 < c(N ,p)ZZi K\ p and ||T t /|| p < c||/|| p , we see that for every t > 



\ p/2 
(s,x)| 2 dtdx 



/ [ Y,\ T ^9 k (s,x)\ 2 ds) dx<t p l 2 - 1 / V|T,_ s5 

J2\9 k (t,x)\ P dxdt 

-'- d k=l 



Consequently, 



r T r t' T [' 

El I \u(t,x)\ p dxdt <c(T,N ,p)E I \ \g(t,x)\ P 2 dxds. 



(2.22) 

/0 JR d JO JR d 

Thus we proved dx^ 2 u,u G L P (T), and hence by Corollary 12.21 we have u E T~Lp^ 2 (T). Note that by 
Corollary IQfii) 

\\^ 2 u\\ H - a/ , = \\A a / 4 (d«/ 2 u)\\ Hr/2 < c\\d a J 2 u\\ Lp . 
By definition (j2.7j) and Remark 12.31 for any t <T, 



H™ /2 (t) 



«/ 2 „l|P 



< c(p) H| p a/a , +||A a ^« 

5 11 u Wp /2 (t) 1 



+ 



< c| ||uf , 2 + \\d^ 2 u\\ P M + \\g\\ 



Combining this with (|2.20p and (|2.9p we have that for every < t < T 



(2.23) 



'w? /2 (i) 



< c(p,T,a) \\u 



% a/2 (t) 



+ b\\ 



L p (t,£ 2 ) 



< c(p,T,a) [ \\u\\ p /2 ds + c(p,T, a) \\g\\ p 
Jo h p ( s > 

Finally, Gronwall leads to (|2.14[) . 



(2.24) 



Now we drop the additional assumptions on g by using the following standard approximation 
argument: By Theorem 3.10 in [14], for g G L p (T, £2) we can take a sequence g n € L p (T, £2) so that 
g n ^ 9 in L P (T, £2) and each g n = (g^g 2 , • • • ) satisfies above assumed assumptions, that is, g k = 
for all large and each g k is of type (|2. 16[) . By the above result, the equation 

00 

du n = A a ' 2 u n dt + 9ndW t k , u n (0) = 

k=l 

has a unique solution u n . It also follows that u n — u m is the unique solution of 

d{u n - u m ) = A a ' 2 (u n - u m )dt + {g k n - g^)dW t k , {u n - u m )(0) = 



and, by the previous argument 



n ~ n ™|l W £/2 (T ^ < c(p,T)\\g n - g m \\TL p (T,£ 2 )- 



Consequently, there is u £ Tip (T) so that u n — > u in Tip /2 (T). We only need to prove u is a 



(2.25) 



solution of (|2.15p . Equivalently, we need to prove that for any cj) G C£°(]R d ), the equality 

(«(t,-),0)= / (A Q /V*,-),0)<fe + E / (/(V)»^. 
Jo k=1 Jo 

holds for for all t < T (a.s.), or equivalently 

((1 - A)- a / 2 u(t, •),(!" A) Q / 2 0) = / (A a / 4 u( S , •), A«/V)ds + £ / 0, 0)^- (2-26) 

Jo Jo 



By ([Z8 



lim IE 

n— >oo 



sup ||(1 -A)- Q / 2 (u„(V)-M*, 



0, a.s. 



which implies that one can take a subsequence rij so that (1 — A)~ a / 2 u n . — > (1 — A)~ a / 2 u in L p (IR d ) 
uniformly on [0,T] (a.s) and consequently t — > ((1 — A) _a / 2 u(i, •), (1 — A) a / 2 (j)) is continuous on 
[0, T]. By taking the limit from 



ft 00 /-t 

/ (A«/ 4 n nj (^,-),A a /V)^ + E / 



((i-Ar/v(i,.),(i-A) a / 2 ( 



and remembering that both sides of (|3.7p are continuous in t, one easily get that equality (J3T 
holds for alH < T (a.s.). 

Step 3. Next we prove the theorem for the equation 



du = {A a / 2 u + f)dt + g K dW t K , u(0)=u o . 



k Mark 



(2.27) 
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Again we may assume 7 = —a/2, and due to Theorem 12.91 we only need to show that there exists 
a solution u and it satisfies estimate (I2.14p . By Theorem 12.91 the equation 

dv = (A a/2 v + f)dt, v(0) = u 

has a solution v € T-Lp^ 2 (T) and 

\\v\\ K /2 (T) < c(p,T) (||/|| Hr / 2(T) + \\u \\ K /2-<*/ P ) ■ 
Also by the result of Step 2, the equation 

OO 

dw = A a ' 2 wdt + ^ 9 k dW t k , w{0) = 

k=l 

has a unique solution and 

c(p,T)\\g\\ 

Now it is enough to take u = v + w. 

Step 4 (A priori estimate). We prove the a priori estimate (|2.14p holds given that a solution 
u € 7ip +a (T) of the following equation already exists : 

00 

du = (a{u, t)A a / 2 u +Adt + J2 9 k dW t k , u(0) = u . 

k=l 

This time we prove (12.14ft only for 7 = 0. This is enough due to the reason given in Step 1. By 
Step 3, the equation 

00 

dv = (A a ' 2 v + f)dt + ^g k dW£ > v(0)=u . 

k=l 

has a solution v E Hp(T) and 

IMkg(T) < c{p,T) (||/||Lp(D + \\9\\ H «/z {T/2) + Klloy-a/,) • 
Note that u := u — v satisfies 

du = {a(u,t)A a/2 u + f)dt, u(0) = 0, 

where / := (a(cj,t) - l)A a / 2 u, and 

H/Hmt) ^ c ll Aa/2?J llL P (T) < c (||/|| M t) + \\9\\ H «/z (T>h) + Nll^a-a/p) • 

Since u = v + u, \\u\\ n *(T) < \\v\\ h «(t) + \\u\\h$(T) and ||u||^( T) < c||u|| H £ (T) + c||/|| Lp(T) , to prove 
(|2.14p we only need to show that for each uj € fi, 

\\u(t, -)\\ p H adt < c(p, T, a, 5) [ T \\f(t, •) \\*dt. (2.28) 

P n p 
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For fixed uj, define a non-random functions 

u(t, x) = u(oj,£((j,t),x) f(t,x) = a(u),t)~ 1 f(u],£ t (u),t),x). (2.29) 

ds 

u t = A a ' 2 u + /, u(0) = 0. 



where £(oJ,t) := a /^ s \ ■ Then clearly u satisfies 



Let f(u,T) be such that T = f T(ul,T) Since ST < f(u,T) < 5T, applying OTTUD . we get 

\\u(t,-)\\ p Ha dt<c(p,T,5,a) [ ' \\f(t,-)\\ p dt. 
p Jo p 

This and relations in (p729]) easily lead to (f2728|) . 

Step 5 (Method of continuity). The solvability of equation (|2.27p . the a priori estimate (|2.14p 
and the method of continuity obviously finish the proof of the theorem. But below we show how 
the method of continuity works only for reader's convenience. 

For A G [0,1], denote a x (oj,t) = (1 — A) + Xa(u),t). Then obviously a x is predictable and 
a x G (<5, d^ 1 ). It follows from Step 4 that if u G Hp +a (T) is a solution of the equation 

oo 

du = (a x {u,t)A a / 2 u + /) dt + Y J 9 k dW t k , u(0) = u , (2.30) 

k=l 

then the estimate (|2.14p holds with the same constant c = c(p, T, 5). Now let J be the collection of 
A G [0, 1] so that for any / G H?(T),S G ^ +a/2 (T,£ 2 ) and u G U^ +a/2 ~ a/p , equation (^30]) has 
a solution. By Step 3, G J. Note that to finish the proof of the theorem we only need to show 
1 G J. Now let A G J. Obviously u G H], +a (T) is a solution of (|2.30p if and only if 

oo 

du= [a Xo (uj,t)A a / 2 u+[(a x ^,t)-a Xo {oj,t))A a / 2 u + f]) dt + ^fdW?, «(0) = u . (2.31) 

fe=i 

Now fix u 1 G 7ip +a (T) with initial date uq (for instance take the solution of (|2.27p ). and define 
u 2 , u 3 , ■ ■ ■ so that u n+l G ?^ +Q (T) is the solution of 

du n+1 = (a Ao (w,i)A Q / 2 u n+1 + [(a A (w,t) - a A[) (w, i))A a / 2 u n + /]) eft eft + /dW t fc , u(Q) = u . 

(2.32) 

Then v n+l := u n+l — u n satisfies 

dv n+l = (a Xo (uj,t)A a l 2 v n+1 + (a x (u;,t) - a Xo (oj,t))A a / 2 v n ) dt 
By the a priori estimate ()2.14j) . 

W vn+1 \\u; +a (T) ^ c W(a\ - a Xo )A a / 2 v n \\ R , {T) 

< N(p,T,5)\X-X \\\v n \\ n;+a{Ty 
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Thus if |A — Ao| < l/(2N(p,T,5)), the map which send u n to u n+1 is a contraction in T-Lp +a {T), 
and has a unique fixed point u. Thus u satisfies (|2.30p - (12.3ip . Since the above constant N is 
independent of A, it follows that J = [0, 1] and the theorem is proved. □ 

Finally we consider the nonlinear equation 



oc 



du = (a{uj, t)A a / 2 u + f(u)j dt + Y^ § k (u)dW t k , u(0) = u , (2.33) 

k=l 

where f(u) = f(oj, t, x, u) and g k (u) = g k (uj, t, x, u). 

Assumption 2.13 Assume /(0) G H^(T) and g(0) G ELj +a/2 (T, £ 2 ). Moreover, for any e > 0, 
there exists a constant K £ so that for any u = u(x),v = v(x) G Hp +a and U),t, we have 

\\f(t, ; «(•)) - f(t, ; V(-))\\ H , + \\g(t, ; u(-)) - g(t, ; «(■)) \\ h;+ «/2 ^ 

<e\\u — v\\ H -y+ a + K{e)\\u — v\\ H i. (2-34) 

To give an example of f{u) and g(u) satisfying Assumption 12.131 we introduce the space of 
point-wise multipliers in Hp. For each r > 0, define 

B(R d ) if r = 0, 

Cr-^fM*) ifr = l,2,..-, (2.35) 
C r (R d ) otherwise, 



l p ■ 



B< 



where B(R d ) is the space of bounded Borel measurable functions on R d , C r 1,1 (R d ) is the space 
of r — 1 times continuously differentiable functions whose (r — l)st order derivatives are Lipschitz 
continuous, and C r (R d ) is the usual Holder space. Also we use the space B r for ^-valued functions. 
For instance, if g = (g , g 2 , ...), then \g\so = sup x |ff(a;)|^ 2 and 

\g\ C n-i,i - 2^ 1^ Sis + 2^ SU P i — Z~\ • 

\a\<n—l \a\=n—l ry 

Fix kq = ^0(7) > so that kq > if 7 is not integer. It is known (see, for instance, Lemma 5.2 in 
) that for any a G B^ +K ° and h G Hp 7 , 



\\ah\\ig < c(7,K )|a| B H+ B0 |/i| H 7 (2.36) 
and the same inequality holds for ^2-valued functions a. 

Example 2.14 Fix = ko(t) > so that kq > if j is not integer. Consider 

d 

f(u) = b(u,t,x)A Pl/2 u + '^2c l (uj,t,x)u xl I a>1 + d(u,t,x)u + f , 



i=l 
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g k {u) = a k (uj, t, x)A l32/2 u + v k (uj, t, x)u + gl , 
where fi\ < a, fa < a/2, /o G Hp(T) and go G Wj +a ^ 2 (T, £2). Assume for each 10, t, 

d 

I^IbH+ k o + l c * I s!tI+ k o + I^IbItI+ko + M.eM+a/2+Ko + l^lshl+a/z+^o — 
i=l 

Then by l\2.36\) . for each t 

\\f(t, .,«(•)) - /(t, -,«(■)) Hag + \\g(t, ■,«(■)) - 5(t, •^(•))IU ; w2 { , 2) 
< c (||A^/ 2 (n - w)!!^ + I a>a ||£>(« - w)^ + \\u - v\\ H , +a/2 + ||A^/ 2 (u - lOH^/a) • 
Since for any oc\ < a and e > 0, fry interpolation theory, 

11 11 ^ / Ml n a i/ a 11 ill - ai/a ^ 11 n / mi n 

J2t) rz »i d 11 x> V 



one easily gets {2.3$- 



Here is the main result of this section. 

Theorem 2.15 Suppose Assumptions [FUJI and \2.13\ hold. Then equation \2. 33\) has a unique 
solution u G %p +a {T), and for this solution 



||u|| K 7+« (T) <c(^||/(0)|| H 7 (T) + || 5 (0)|| 
where c = c(p, T,5). 

Proof. Our proof is virtually identical to the that of Theorem 6.4 in |14j . where the theorem is 
proved when a = 2. The only difference is that one has to use Theorem 12.111 in this article, in 
place the corresponding result in p3]. We skip the proof here since we will give the proof for more 
general case in next section. □ 

By Sobolev embedding theorem, we immediately get the following 

Corollary 2.16 Suppose Assumptions \2. fU\ an dlTTS] hold. Ifj + a > d/p, then the unique solution 
u G U], +a {T) of equation fOSj) is C^ +a ~ d ^ '-valued process on [0,T] x Q a.s.. 

3 General case 

Let Z\, Z t 2 , ... be independent m-dimensional Levy processes relative to {Tt, t > 0}. For t > and 
Borel set A G B(R m \ {0}), define 



(t,A) := # {0 < s < t; Z k - Z k s _ G a} , N k (t,A) := N k (t,A) - tu k (A) 
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where v k (A) := K[N k (l, A)] is the Levy measure of Z k . By Levy-Ito decomposition, there exist a 
vector a k , a non-negative definite matrix f3 k and m-dimensional Wiener process B k so that 

Z k (t) = a k t + f3 k B?+ [ zN k (t,dz)+ f zN k (t,dz). (3.1) 

J\z\<l J\z\>l 

For any q, k = 1, 2, • • • , denote 

.1/9 

Now we fix p G [2, oo) and denote Cfc := (c k> % V Cfc jP ). In this section we assume 

c := supcfc < oo. (3-2) 
fe>l 

( (|3.2p will be weaken in section 0J). Then for any 2 < g < p, by Holder's inequality, 

/ r \ (p-9)/(9(p-2)) / /• \ («-2)/( 9 (p-2)) 

Cfc, g < ( / \z\ 2 v k {dz)\ ( / |,zpV fe (cfe) ) < c k . 



By ([32]), Jj 2 ,|> 1 |2r|i/ fc (dz) < Jj 2 ,|> 1 |z| 2 ^,((i2;) < oo, and 

/ zN k (t,dz)= / zN k (t,dz) + t zv k (dz). 
J\z\>\ J\z\>l ^k|>l 

Thus by absorbing 5^ := Jj z | >1 zv k (dz) into we can rewrite (|3.ip as 

Z k = a k t + (3 k B k + [ zN k (t,dz). 
We first consider the following linear equation: 

oo 

du= (a(uj,t)A a ^u+ Adt +Y,9 k ' dZ t , u(0) = u . (3.3) 



k=l 

Relocation of the term X]fc=i S k ' a k dt into the deterministic part of (|3.3p allow us to assume 
otk = (0, ...,0). Moreover, since B k, ^s are independent 1-dimensional Wiener processes where 
B k = ( B k,i^ _ _ _ B k ' m ), d33D can be written as 

oo oo m 

du = (a(cj, t)A. a ' 2 u + f^j dt + J2 hkdW t +YjY1 9 k ' jdY t' j > u (°) = u ^ ( 3 - 4 ) 

i=l k=l 3=1 

for some /i = (h ,h 2 ,---) and independent one-dimensional Wiener processes W t fe and F t * : = 
f Rm zN k (t, dz). Note that Y k are independent m-dimensional pure jump Levy processes with Levy 
measure of v k . 

Furthermore by considering u — v, where v is the solution of 

oo 

dv = a(co,t)A a / 2 v dt h k dW k , u(0) = 
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from Theorem 12.111 we find that without loss of generality we may also assume h k, s are all zero. 

By < M, N > we denote the bracket of real- valued square integrable martingales M and N. 
Also let [M] denote the quadratic variation of M. 

Remark 3.1 (i) Note that, ifck,2 < oo, then Y k ' 1 = J^ m z l N k (t,dz) is a square integrable mar- 
tingale for each k > 1 and i = 1, • • • , m. Also for any V -measurable process H = (H , . . . , H m ) G 
L 2 (0 x [0, T],R m ) which has a predictable version H = (H 1 , . . . , H m ), 



M t ■= H s - dY s k = E / / H i s z i N k (ds,dz) = Y, / HI*' 
JO i=l JO JR m i=1 Jo JR m 



m ft 



z l N k (ds, dz) 



is a square integrable martingale with 



m ,. t ,. 

[M% =Y, H l W 
u=1 Jo JR™ 



E[M k ] t = y}( / z i z j u k (dz))E f H i (s)H j (s)ds < c 2 m 2 E f \H s \ 2 ds. 
i „■ JR m JO JO 

(ii) Suppose that (EJ| holds. Then, for any 1 < j < m, g>3 6 Mp(T, £2) and <f> € C^°(R d ), the 
series of stochastic integral 

oo m r i 



EE / ($*■>(*,•). 
k=ij=x J ° 



defines a square integrable martingale on [0, T\, which is right continuous with left limits. Indeed, 
denote M n := Ylk=i Sj=i Jo(9 k '^( s i ')> 4>)dY^^ , then the quadratic variation of M n 

n m rt r 



IS 



[ M "]* = EE / / (/'\</>)(/ J (*,•),• 



)z t z k N k (ds,dz), 



and 



n m „i „ n m „i 

E[M n ] t = E E E / (9 k>i ,^(9 k ' j (s, •),</>) / sV^dzJcfe < c(m,c)EE E / 

*=li,,=l J ° JM - m fc=l7=l - 70 



A/so, wt/i q : = p/(p — 2), for every 1 < j < m, 



E E 

fc=i 



E E 

k=l 



((1-A)^V J («,-),(1-A)-^) 2 ^ 



<ll(i-A)-T/viiii; 



/•T 00 

/ (Ei(i-Ar/v j ( s ,-)i 2 , 1(1 - a)-^/ 2 0|) d S 
■ / ° fc=i 



^IKl-Ar^HxIKl-Ar^LE 



/ T || ei(i-a)^v j ( 5 , 

7 ° 11 fc=l 



p/2 



<||(1 - A)~ 7 / 2 ^||i 11(1 - AJ-T/VI^T 1 "! \\g*\ 



< OO. 



It follows that [M n ]t converges in probability uniformly on [0,T] and this certainly proves the claim. 
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Definition 3.2 Write u G rCp +a {T) if u G M^ +a (T), n(0) G C/J +q " q/p , and /or some / G Hj(T) 
/i G lf p +a/2 (T,£2) and g>i G M^ +q/2 (T^ 2 ), 1 < j < m 

oo oo m 

du = + h k dW t k + 9 k,jdY t k,j > u (°) = u o, for t G [0, T] 

k=l k=l j=l 

in the sense of distributions, that is, for any 4> G Of 

r-t 00 ft 



ft ft < ^*~ 3 ft 

holds for all t <T a.s.. In this case we write 



k.j 



(3.5) 



Bu:=/, SU:=(/»\... /»*,...), B k d ' 3 u:=g k ' j , S, 



and define 



\u\\ n ~,+ a{T) :- |[n|| H 7+ Q(T) + ||ID)n|| H 7 {T) + ||§ c 'u|| ]H[ ^ +Q /2 (T/2) 



+ Y1 \\ § d u \\ m z+"/ 2 (Ti 2 ) + \\ u W\\uZ +a - a/p - 



To prove that T-Q, +a {T) is a Banach space we need the following result, which is an infinite 
dimensional extension of Kunita's inequality (for example, see [2j Theorem 4.4.23]). In fact, if 
m = 1 then the proof is given in [5]. 

Lemma 3.3 Suppose 1 < j < m, g'^(uj,t) = (g 1 ^ , g 2 ^ , • • • ) 's are l2-valued predictable processes 
such that each g k = (g k ' 1 , ■ ■ ■ g k ' m ) is bounded. Then, under the assumption (|3.2p . 



E 



oo rt r \P/ 2 ' 

\g k ( S )\ 2 \z\ 2 N k ( S ,dz)ds) 



E 



\k=l 







< c(p) E 



t 00 

it=i 



-'r/.s 



\P/ 2 rt oo 

Y,\9 k (s)\ P ds 

k=l 



(3.6) 



Proof. Due to monotone convergence theorem we may assume g k ^ = for all i > M and 
1 < j < m. By monotone convergence theorem, 



E 



' M 

£ 

\k=l 



|/(s)| 2 |z| 2 A^( S ,dz)d S ) 



lim E 



' M 

vfe=1 -/0 ./|«|<JV 



p/2" 



/( S )| 2 |z| 2 7V fc ( S ,dz)d S 



17 



Since (a + b)P/ 2 < c{p)(\a\P/ 2 + |6| p / 2 ) and N k {s,dz) := N k (s,dz) - su k {dz), 



A<c(p) lim E (J 2 t) p/2 +c{p)E 

7V->oo L ' J 



M 



p/2- 



Y,\9 k {s)\ 2 \z\ 2 v k {dz)ds 



k=l 



where J n j := J^kLi f\ z \ <N \g k (s)\ n \z\ n N k (s,dz)ds, which is a square integrable martingale be- 
cuase g k are bounded predictable processes. By Burkholder-Davis-Gundy inequality (For example 
see [221 Theorem 48].) 

\ p/4 

\g k (s)\ 4 \z\ 4 N k (s,dz)ds) 



E 



(J2,t) p/2 <c(p)E [J 2 ] p/4 =c(p)E 



E 



\k=l 




J\z\<N 



(3.7) 



< c(p)E 



M 



p/4' 



E E is fc ooi 4 iAK 



A' 1 4 



Recall that for any q > 1, (]T K| 9 ) 1/<2 < E Kl- Thus if 2 < p < 4, then 



E 



(J 2 ,0 P/2 1 < c(p)E 



E E i^ooha^ 



fc IP 



fe=l 0<s<t 







< c(p,c)E 


/ xyoop* 



If 4 < p < 8 then, by the relation N k (s,dz) = N k (s,dz) — sv k {dz) and Burkholder-Davis-Gundy 
inequality, 

\ P/4" 



E [(J2,t) p/2 \ < c(p)E 

< c(p)E [( J 8 , t ) p/8 1 + c(p)E 

< c(p,c)E 



M 

E 

fe=l 




|/( S )| 4 |^| 4 iV fc ( S ,dz)d S 



J\z\<N 



' M 

E 

, k=1 J0 J\z\<N 



p/4' 



|g(s)| |z| v k {dz)ds 



p/8 



< c(p,c)E 

< c(p,c)E 

/° fc=i 

Similarly, in general, for p € (2 n— ,2"], 



E// \g k (s)\ s \z\ s N k (s,dz)ds) +1 [ <T\9 k (s)\ 4 ds 

k=1 J0 J\z\<N J \Jo k=1 

E f I \g k (s)\ p \z\ p N k ( S ,dz)ds) + ( /'ei/ooi 4 ^ 

k=1 J J\z\<N J \J0 k=l J 

■ M / t M \P' 

Y^\g k { S )\ p ds+ / Y,\9 k ^)UA 
k=i V° k=\ J 



p/4' 



A<c(p,c) E E 



p2" 



fe=l 



+ c(p,c)E 



t M 

Ei/(s,x)r s 
fc=i 
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Also since for each 2 < q < p, 

M \ V<2 



we get 

A < c(p,c)E 
Thus the lemma is proved. 



I E I^WM + ( I E \9 k (s)\ p ds\ 



,-t °° \ p / 2 ft 00 

/ j> fe ( S )i 2 d S + / Ei^oor^ 

J ° k=l J J ° k=l 



l/p\ 



(3.8 



□ 



Theorem 3.4 Suppose that (ET2j) holds. For any p G [2, 00) and 7 G R, U], +a (T) is a Banach 
space with norm \\ ■ ||^ 7 +a™. Moreover, there is a constant c = c(d,p,T) > such that for every 
u G Hl +2 (T) andO<t<T, 



E 



SWp\\u(s,-)\fLy 

s<t p 



< c(p,d,T) [ ||Du||J2 (t) + IIMIh^a) + Y, Pd u W P K (t,i 2 ) + IKII^ ) • ( 3 - 9 ) 

i=i 



Proof. By Theorem 1 2 . 6 1 and the reasons explained just before Remark l3.ll without loss of generality 
we assume that Y k = f Rm zNk(t, dz). Moreover, due to Remark [2 .81 it suffices to prove the theorem 
only for 7 = 0. First we prove ^M,. Let du = fdt + Y1T=1 9 h ' dY t with u (°) = u 0- 

For a moment, we assume that g k, i = for all k > Nq, 1 < j < m and g k ^ is of the type 

g k ^(t,x) = E^J^,Ws* iJ (x), 



(3.10) 



i=0 



where r 4 J are bounded stopping times and g ki, i G Cg°(M d ). Define 

% ft 

v(t,x) = Y, 9 k {s,x).dY k . 



fc=l ' 



Then by Burkholder-Davis-Gundy inequality and Lemma 

N in r t 

EE 

k=i j=i 



E 

< c(p)E 

< c(p,c)E 

< c(p, c) E 









sup \v(s, x)\ p 


= E 


sup 


_s<t 




s<t 









g k ' j (s,x)z :, N k (s,dz)ds 



00 m „i 

EE 

k=l i,j=l 
00 „ 4 



p/2 



g ,l (s, x)g k ' J (s, x)z l z J N k (s, dz)ds 



EE 

00 

E 

r-t 00 \P/ Z i-t 00 

/ ^|/( S ,x)| 2 d S + / V|ff fe ( S ,x)|^ S 

fe=l / ^ fc=l 



\g k (s,x)\ 2 \z\ 2 N k (s, dz)ds 

p/2 
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Since £ n |a n | p < (£ n K| 2 ) p/2 and (/ * \f\ds) p < V' 1 jj by integrating over R d we get that 

for every t <T 

m rt 



E 



sup \\v\ 

s<t 



<c(T,p)J2 



■J hp 

3 llLp(t^ 2 ) 



:= c(T,p) 

3=1 




\g'' J \^ 2 dxds. 



(3.11) 



Next we prove (|3.1ip for general g'' J G L p (T, £2)- By Theorem 3.10 in (14] . we can take a sequence 



g'n G L p (T, £ 2 ) so that for each fixed re, = for all large k and each g^ 3 is of of the type (|3.10p . 
and g^ — > g'^ in L p (T, £2) as re — >• 00. Define t> n (i,x) = X^fcli Sjli Jo 9n J ^Y^' 3 , then for every 
t < T 



E 



SUp \\V n \\r 
s<t 



< C 



sup ||U ni - V n2 \\r 
s<t 



i=i 



in\ Wri2ll]Lp(t,&)' 



Thus (|3.1ip follows by taking re — >■ 00. Now note that 

d(u — v) = fdt with (re — v)(0) = no- 

Thus it is easy to check that 



Consequently, 



E 



E 



sup \\u — v\\ip 
s<t ' 



<iYEn|u El +NE 



\\f(s,-)\\ p p ds 



sup \\u\\^ 

s<t 



<^H/l£o (t) +c2:i|^|r Lp(t , 2) + iVE||reo|| p . 
i=i 



The completeness of the space Hp(T) easily follows from (|3.9p . Indeed, let {re n : re = 1, 2, • • • } be 
a Cauchy sequence in Hp*(T). Then {re n }, {Bre n }, {S^ J re n } and {re n (0)} are Cauchy sequences in 
M°,L p (T),M p /2 (r,^ 2 ) and Up /2 ~ a/p respectively. Thus there exist u G H£(T), / G L p (T),a^ G 
H P //2 (T, £2) and no G t/^ 2 so that re n , Bn n , §j J n n , re n (0) converge to u, f,g'' J ,Uo respectively, 
that is, 



\ u n ~ u\\m$(T) + \\° u n ~ /lk p (T) + \\& J u n - 5 J |[ H „ /2(T/2) + \\u n (0) - U \\ uC ,/2- a /p 







as re — > 00. Thus to prove re G Hp(T) and re n — >■ re in Hp(T), we only need to show that for any 
<j> G Cj?>(R d ), the equality 

(re(t,-),0) = (n o ,^)+ / (/(vM)<fe + EE / (g k ' j (s,-),<l>)dY s k > j (3.12) 
jo ,._ n „•_-, Jo 



k=l j=l 



holds for all t < T (a.s.). Taking the limit from 

(u n (t, ■),</>) = (re n (O),0) + 



00 m 

/ (Du n (« 1 .),^)dfl + V V / (S^'re n (s,-), 
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and using the argument used in Remark 13. ll fii) one can show that (|3.12p holds in Q x [0,T] (a.e.). 
Also using the inequality (see (|3.9p ) 



E 



SUp \\u n (-,t) - U m (;t)\\ P r 



t<T 



< N\\u n — UmW^a^ 



and taking m — > oo, one finds that (u(t, -),4>) is right continuous with left limits, and consequently 
(|3,12p holds for all t < T (a.s.). The theorem is proved. □ 



Lemma 3.5 Let p G (2, oo), t > and f G L p ([0,t] x R d ). Then for any e > a(l/2 - 1/p) 



[ [ ( S \d«/ 2 T s „ r f(r,x)fdrd S dx < c [ \\f(s,-)\\ p Hs ds, (3.13) 

JR d JO JO Jo v 



ft r-s 

'0 Jo 

where c = c(d,p,a,e) is independent oft 



Proof. Note that we may assume a(l/2 — 1/p) < £ < a/2. Let q > p be chosen so that 



1 . 2e x 1 2e 1 

- = (1 ) x — | x -. 

p a 2 a q 



Such choice of q is possible since 1/p > (1 — — ) x ^. We will use an interpolation theorem. First, 



note that 



Define an operator A by 



2e. 2s a 

e= i__ XQ + —X-. 

a a 2 



,A/(s,r,a;) = < 



8 a / 2 T s „ r f if r < s, 
otherwise. 



Then, due to (I2TT9D and the inequality \\T S - T d a / 2 f\\ q < ||<9 a/2 /l|g < II/IL-/2, the linear mappings 

"7 

A: L 2 ([0,t],L 2 (R d )) -+L 2 ([0,t] x [Q,t] xR d ) 

and 

A : L q ([0,t],H^ 2 ) -»■ L 9 ([0,t] x [0,i] x E d ) 

are bounded and their norms are independent of t. It follows from the interpolation theory (see, 
for instance, [3^ Theorem 5.1.2]) that the operator 

A : L p ([0,t],H^(R d )) L p ([0,t] x [0,t] x R d ) 

is bounded and its norm is independent of t. The lemma is proved. □ 
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Theorem 3.6 Fix a constant E\ so that e\ = if p = 2, and E\ > a(l/2 — 1/p) if p > 2. suppose 
dHZl holds. Then for any f G n^(T),h G H$ +a/2 (T, t 2 ), g'j G Ul +a/2+£l (T, £ 2 ), 1 <j<m and 
uq G Up +a ^ 2 a ^ p , equation /ias a unique solution u in r€p +a (T), and for this solution 



in 



(3.14) 

for every t <T. 

Proof. As explained before, without loss of generality we assume that h l, s are all zeros. 

Step 1. As in the proof of Theorem 12.111 we only need to prove the theorem for a particular 
7 = To- 

Step 2. We assume a(u) = 1 and prove the theorem for the equation: 

oo 

du = A a l 2 udt + 9 k dY t k , n(0) = 0. (3.15) 
k=i 

By the result of Step 1, we may assume that 7 = —a/2. The uniqueness is obvious and we only 
prove the existence and the estimate (|3.14p . Considering approximation arguments, for a moment, 
we assume that g ^ = for all k > Nq and 1 < j < m and that 

g^(t,x) = J2l {T ^,^ {] (t)9 ki ' j (x), 
i=o 1 1+1 

where J are bounded stopping times and g ki, i{x) G Cq^R^). Define 

v(t,x):=^ g\s,x).dY s k = ^Y,Y,9 ki ' j (*)( Y t k S 

k=l J ° k=l i=l j=l 1+1 

and t ^ 

u{t,x) :=v(t,x) + / A a / 2 T t _ s vds = v(t,x) + / T t ^ s A a / 2 v ds. (3.16) 
Jo Jo 

Now we remember from the proof of Theorem 12.111 that if functions h\ = hi(t,x) and h 2 = h 2 (x) 

are sufficiently smooth, then 

wi(t,x) : = / T t ^ s hi(s)ds, w 2 (t,x) = T t h 2 







solve 

dwi = (A a/2 w + h 1 )dt, Wl (0) = 0, 
dw 2 = A a / 2 w 2 dt, w 2 {0) = h 2 . 
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Therefore we have d(u - v) = (A a l 2 (u - v) + A a l 2 v)dt = A a / 2 udt, and 



No 



du = A a ' 2 udt + dv = A a ' 2 udt + 9 k ■ dY t- 



k=l 



Let T t „ s g k (r,x) = {T t - S g k > l {r,x), . . . T t - S g k ' m (r, x)). By (gJB) and stochastic Fubini theorem ( [221 
Theorem 64]), almost surely, 



u(t, x) 



v(t, x) + J2 [ f S & a/2 T t - s g k (r, x) • dY r k ds 
k=1 Jo Jo 

No m ft ft ft 
V / T t ^ s g k (s,x)-dY k . 



(3.17) 



Hence, 



No m r t 



ly O ft 1 1 u '"■ ft 

d^ 2 u(t,x) = Y J d^ 2 T t ^ s g k (s,x)-dY k = Y J Y, d«/ 2 T t „ s g k >i(s,x)dY k >i. 
k=i Jo k=ij=l Jo 

By Burkholder-Davis-Gundy's inequality and Lemma 13.31 we have for every < t < T 



E 



\d^ 2 u{t,x)\ p ] < c(p)E 



N m ft r 

EE / / d«/ 2 T t _ s g k ^ S ,x)d«/ 2 T t _ s g k >i(s,x)z*ziN k (dz,ds) 



p/f 



k=l i,j=l 



< c(p)E 

< c(p) E 



E 



\fe=i 




p/2' 



|^/ 2 T t „ s /( S ,x)| 2 |z| 2 iV fc (^,d S )J 

\ P/2 



/ f t oo \P/^ » t oo 

/ Ei^ /2r *-^( s ^)i 2ds + / Ei^ 

v° fc =i / Jo k=i 



U s g k (s,x)\Pds 



By dZHSD, Lemma[33]and the inequality Y.T=i \ a k\ p < (Efeli K| 2 ) p/2 , 



E 



£/ 2 «( S ,.)ll?<k 



m V ft 

<c(p,a)^E / ||^(-,-)|li-i (|a) * 

.7=1 U ° P 



(3.18) 



Similarly from (|3.17p we also get, for every < t < T, 



E[|u(t,z)n < c(p)E 



^|T t _ s /( S ,x)| 2 ds + / rir t „ s /( 

fc=i / ^ fc=l 



(3.19) 
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By the same argument which leads to (|2.22p . we see that the right side of f)3. 19|) is finite. Thus we 
proved dx /2 u,u£ L P (T), and hence u G Up l2 {T). As in (j2~23jl and (123ID . 



< c(p)(lM^ w + l|A^«|^ w + ||< (iA) ) 



|n|| < 2 (*) 



< c(p,T,a)J^ h||^ /2(s) d S + c(p,r,a)|| 5 ||^ 1(TA) . 

Finally, Gronwall leads to (|3. 14[) . Once one has a unique solvability of equation (|3.15p and estimate 
(|3,14p for sufficiently smooth g, we repeat the same approximation argument used in the Step 2 of 
the proof of Theorem 12.111 

Step 3. Now, we follow Step 3-Step 5 of the proof of Theorem 12.111 word for word except 
obvious changes from W k to Y k . The theorem is proved. □ 

Finally we consider the nonlinear equation 

oo oo m 

du= (a(w,i)A Q / 2 u + /(«)) dt + ^2h k {u)dWi + Y J ^2a Kj {u)dY t K \ u(0) = u , (3.20) 

k=l k=l j=l 

where f(u) = f(u,t,x,u), h k (u) = h k (uj,t,x,u), g k (u) = (g kA {uj, t, x, u), . . . , g k > m (u, t, x, u)), W t 
are independent 1-dimensional Wiener processes and Y k := L m zNk(t,dz) are independent Tri- 
dimensional pure jump Levy processes with Levy measure v^. 

Assumption 3.7 Fix a constant e\ so that e\ = if p = 2, and £\ > a(l/2 — 1/p) if p > 2. 
Assume that /(0) G H$(T), c/'-?(0) G M^ +a/2+£l (T, 4) and h(0) G M^ +q/2 (T, £ 2 ). Moreover, for any 
e > 0, i/iere exists a constant K £ so that for any u = u(x),v = v(x) G Hp +a and t,uj we have 



||/(t, -,«(•)) - /(t, -A')) WhI + E H^'^ ■'"(•)) " 9' J (*, ■>«(•)) (4) 

+ IIM*> ',«(■)) -/i(t,-,v(-))|| H 7+ Q /2 {< , 2) < - "HI/jT+a +A'(e)||«-u|| fl? . (3.21) 

Example 3.8 Recall that the space 73 r is defined in (|2.35p . Fix kq = ko(t) > so that kq > if 
7 is not integer. Consider 

f(u) = b(Lo,t,x)A^ 2 u + Y,c l (uj, t, x)u x il a> \ + d(uj, t, x)u + /o, 

i=l 

/i fc (n) = 77* (a;, i, x)A l32/2 u + Z fe (w, i, x)u + fog, 
/J(n) = a fcj '(a;,t,x)A /3 3/ 2 u + /.i( a ;,t, 2; ) u + ^, j = l,... m . 
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Here ft < a, fo < a/2, % < a/2-e 1 and f G M^(T), /i G M^ +a/2 (T,^ 2 ), g J € M^ +a/2+£l (T, £ 2 ). 
Assume for each u),t,i,j, 

+ a/2+KQ 

+ 1°" ' J |_Bl7l+a/2+ £1 + f c + \v'' J \ B \j\+ a /2+e 1 +K < K < OO. 

Then the calculus in Example 12.141 shows that (|3.2ip holds. 

Here is the main result of this section. 
Theorem 3.9 Suppose (|3.2[) and Assumptions \2.l0\ and {37}\ hold. Then the equation \3. 20\) has a 



unique solution u G Hp (T), and for this solution we have 

(m 
l|/(0)||HZ(t) + W h ^)\\ K +^ {t/2) + ^'' J (0)\\ m; +^i (t/2) + \\U \\ u;+a /2- a/p I . 

(3.22) 

for every t <T, where c = c(p, T, 5) . 

Proof. As we mentioned in the previous section, our proof is a repetition of that of Theorem 6.4 
in [T4]. By Theorem 13.61 for any u G ~Hp +a (T) with initial data uq we can define v = TZu as the 
solution of 

oo oo m 

dv = (a(u, t)A a / 2 v(t, x) + f(t, x, «)) dt + J^ h% x, u)dW\ + Yl x ' u ) dY t'^ = u o- 

i=l k=l j=l 

Then for any u, v initial data uq, we have (TZu — TZv)(0, x) = and 
d(TZu — TZv) = I a(u, t) A a ' 2 (TZu -TZv) + (f(t 

+ Y / (h%x : u)-h%x,u))dWi + J2Y, / (g k 'Ht,x,u)-g k >i(t,x,v))dY t k > j . 
i=i J ° k=ij=i Jo 



By Theorems 1 2 . 1 1 1 and Assumption 13. 7\ for every t G (0, T], 



< e p c(p,T,5)\\u - v\\ P Hj+ct{t) + K(e)c(p,T,S) I E\\u(s, ■) - -)\\ P H; ds 



r-t 

<e\\u- v\\ P H;+a{t) +Nj Q \\u- v\\ p n;+a(s) ds 
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where 9 := e p c(p,T, 5) and N = c(p,T,S,e). Denote 1Z n+l u := lZ(lZ n u). Then by induction, for 
every t G (0, T] 

||7^-7^||^ (t) 



Therefore, 



|R™» - R™»||* + £ 



Choose e > so that 20 < 1/2, and then fix n large enough so that (29) n ^sup fc>0 ^ NT ^ ) < 1/2. 
Then 7£ := 7£ n is a contraction in T-Lp +a (T) and obviously the unique fixed point u under this map 
becomes the unique solution of (|3.20p . Moreover, the estimate (|3.22p also easily from Assumption 
13.71 Theorems 13.61 and 13.41 We leave the details to the readers as an exercise. □ 



4 Application and Extension 

First, we consider equations with the random fractional Laplacian driven by (Levy) space-time 
white noise; Let d = 1 and consider the equation 

du = (a(oj, t)A a / 2 u(t, x) + f(u, t, x, u(t, x)))dt + t, x)h(uj, t, x, u(t, x))dZ t (4.23) 

where Zt is a cylindrical Levy process on L2 (K) , that is Zt has an expansion of the form 

00 

fe=i 

where {r] k : k = 1, 2, . . . } is an orthonormal basis in L2 and Z k are i.i.d. one-dimensional Tf 
adapted Levy processes (see [10J for the details). Using this expansion we can rewrite (|4.23p as 
follows : 

00 

du = (a{uj,t)A a / 2 u + f(u))dt + Y,9 k ( u )dZt , (4.24) 

k=i 

where g k (u) := £(oj, t, x)h(ui, t, x, u(t, x))rj k (x). 
Let r y,p ) s,r be constants satisfying 

0>7 + a/2>-l, p>2r>2, 1 < r < (2 7 + a + 2) _1 , s' 1 + r" 1 = 1 (1 < s < 00). (4.25) 
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Define 



Ry(x) := \ x \-(y+"/2+V / r (Tfa/2+3)/2 e -te»-l/(4*) dt< 

JO 



It is known that there exists a constant c > so that cR^(x) is the kernel of the operator (1 — 

A )( 7 +a/2)/2 j that ig _ A )( 7 +a/2)/2j = * y)^) 

Assumption 4.1 (i) For each x, ^ = ^(uj,t,x) is predictable, and \\£(uj,t,-)\\i, 2s < K for each oj,t. 
(ii) For each x,u, the processes f(co,t,x,u),h(uj,t,x,u) are predictable, and 

\f(oj, t, x, u) — f(uj, t, x,v)\ < K\u — v\, \h(ui, t, x, u) — h(co, t, x, v)\ < K\u — v\. 

By following the arguments in the proof of |14t Lemma 8.4], we get the following 



Lemma 4.2 Let d4-25ty hold. Take some functions ho = ha(x) € L p (M), £o = £o( x ) ^2s(K), and 
set gl = &M fc - Then g = {gft} € H^ +a/2 (£ 2 ) and 



0,7 Hp 



0||2s||^o||p) 



where N = \\R~\\2 r < oo and 



ho,y(x) := / RJx - y)£ Q (y)h (y)dy 



1/2 



We first discuss the case when Z\ are independent one-dimensional Wiener processes. 
Theorem 4.3 Let be independent one- dimensional Wiener processes. Suppose \4-.25 ) and As- 



sumption hold. Also assume 7 € (—a, \ a ), uq £ U 1 



j-y+a-a/p 



and 



Kp.-I')-, (E F (\\f(t,-, 0)||^ + ||% 0)||?) ds) <oo, 







(4.26) 



where 



h(t,x,0) := / Bl(x-y)f(y)h 2 (t,y,0)dy 



1/2 



Then equation {1^.23 ) with initial data uq has a unique solution u 6 Hp +a (T) and for this solution, 



\ U Wn], +a (T) 



<c(l(p,T) + \\u \ 



T y + a — a/p 



Proof. We check whether f(u) and g(u) satisfy condition (|2.34p . Since 7 < and 7 + a > 0, 

||/(«) - f{v)\\ H i < \\f(u) - f{v)\\ Lp < K\\u - v\\ Lp <e\\u- v\\ H ^ +a + K{e)\\u - v\\ H i. 
Also for g{u) = {g k (u)}, by Lemma 14.21 

||<7(0)|| H 7+c*/2 (l2) < ||^||2,||e||2 S ||M0)|| P < 4h(0)\\ p , 
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\\g{u)-g{v)\\ H ^+ a /2 {i2) < WR^rihsWK^-K^Wv < c \\ u - v \\l p < e\\u-v\\ H ^+ a + K(e)\\u-v\\ H i . 
Therefore condition (|2.34p is satisfied and the theorem is proved. □ 

Now we consider space-time white noise with jump Levy processes. Unlike Theorem 14.31 in 
the case space-time white noise with jump Levy processes, L p -theory is not satisfactory due to the 
condition e\ > a(l/2 — 1/p) if p > 2. Thus we only give an L2-theory. 

Theorem 4.4 Suppose Z\ are independent one- dimensional jump Levy processes with Levy mea- 



sure v 



. Suppose 113. 2\) . and Assumption \4.1\ hold with p = 2. Also assume 7 G (—a 



-1— a \ 
' 2 )> 



u G U2 +a ~ a/2 andL(2,T) < 00, where L(2,T) is taken from (4-26] ). Then equation \4-23fy with 
initial data uq has a unique solution u G a (T) and for this solution, 



\ u \\fq +a (T) - c l/( 2 '^) + I l^o 



r J+a — a/2 



Proof. There is nothing to prove since conditions on / and g were already checked in the proof of 
Theorem 14.31 □ 



For a stopping time r relative to {J 7 *}, denote 

QO.r] :={(w,t) :0<t<T(u)}. 

Then obviously the process l([o,r] ( w > t) is left-continuous and predictable. For an Hp -valued , p dPxdt - 
measurable process u, write u G ETp(r) if 



lull tut 7 / \ '. — IE 

1 HHj!(t) 







|2 

h2 



< 00. 



We define the Banach spaces L p (r), L p (r, £2) and T-Q,{t) similarly. The following theorem plays the 
key role when we weaken condition (|3.2p later in the next section. 

Theorem 4.5 Let r < T be a stopping time. Fix a constant E\ so that E\ = if p = 2, and 
£\ > a(l/2 — 1/p) if p > 2. Then, under Assumption \2.1(J{ and (j3.2[) . for any f G Hp(r), h G 
Hp +a//2 (r, £2), g'^ G Mp +a ^ 2+Sl (t, £2), 1 < j < fn and uq G Up +a ^ 2 a ^ p , equation has a unique 
solution u in 7ip +a (T), and for this solution 

\\u\\ Hj+a{T) < c ^||/||H2(r) + INIh^Va) + £ ll^' ,J H H j+«/=+-i ( ^ 2) + KII D? +«-«/pj . ( 4 -27) 

where c = c(p,T,S) independent of t. 

Proof. First we prove the existence and (|4.27p . Obviously we have 

/ := lffo,r] / G HJ(T), 7» := lj 0)T] G M^ +a / 2 (r^ 2 ), ^ := l^j ^ G M^/ 2 ^ 1 (T,£ 2 ). 
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Let u G %p +a {T) be the solution of (|2. 14[) with /, h and g instead of /, h and g respectively. Then, 
since r < T, we have ||u||%7+t»( T ) < ||n||^ 7 +Q^ T )5 an d by Theorem 13.61 



u\ 



TO 



e p( T ) + IWIhJ+^Va) + S II 5 ' J Hh2 +q/2+£ im 2 ) + IKIIt^+»/»-«/f J • 

Now we prove the uniqueness. Let u G 'Hp +a (T) be a solution of equation (|2.14p . Then obviously, 
l^ rr (Ou-a(u;,t)A^ 2 u) G MJ(T), l^y^u G W p +a '\TJ 2 ), l^ T y$£u G M^/ 2+£l (T, £ 2 ). 
According to Theorem 13.61 we can define v G Hp +a (T) as the solution of 

oo 

dv = (a(u, t)A a ' 2 v + lj 0)T] (Bu - o(w, t)A a ' 2 u))dt + l^r] S^u dW* 



fe=i 



+ ^^1 M S^4, v(0) =«(0). (4.28) 

fc=i j=i 

Then for t < t, d(u — v) = A a ' 2 (u — v)dt and (ii — v)(0) = 0. Therefore by Theorem 12.91 we 
conclude that u(t) = v(t) for all t < r a.s.. By replacing u by u for t < t, from (|4,28p we find that 
v satisfies 



dv = [a 



oo oo m 

iA a ' 2 v + /l JOiT] ) di + ljo,r] dW t fc + E E Wl / J ^ «(0) = n . (4.29) 



fc=i fe=i j=i 



We proved that if u G T-Lp +a (r) is a solution of equation (|2.14p then u(t) = v(t) for all t < r a.s.. 
This proves the uniqueness of solution of equation (|2.14p in the class T~Lp +a (r) because by Theorem 
v G Hp +a (T) is the unique solution of equation ([4.290 . The theorem is proved. □ 



For a stopping time r < T and 7 G R, write u G Up loc (r) if there exists a sequence of stopping 
times r n t 00 so that u G Hp(r A r n ) for each n. 
The following is a weakened version of ([3.20 . 

Assumption 4.6 There exists an integer N$ > 1 so that cj, < 00 /or aZZ integer k > Nq. 

Definition 4.7 Ie£u € U P y+a ~ a/p , /(0) G H^r), /i(0) G M^ +a/2 (r, f 2 ) andg^(0) G M^ +a/2+£l (r, £ 2 ), 
1 < j < m. We say that u G rC ■{ "(' r ) a path-wise solution to (j3.4p z/ i/ie fallowings hold; 
(i) ti G Hi ^(t) w(t) is ri<?/i£ continuous with left limits in Hp for t < r (a.s.), 
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(ii) for any <f> G Cq°(M. ), the equality 

(u(t,-),<f>) =(«o,^)+ / a(u,s)(u(s,-), A Q / 2 <p)ds+ f \f(s, 

JO JO 

+ £ / + / tf'M^dY?* (4.30) 

ZioWs /or all t < t a.s.. 

Theorem 4.8 Lei t < T . Suppose that Assumptions \2.10\ and \4-6\ hold. Then for any uq G 
u g +Q -a/p > j G M 7( r ) ; ^ e ul +a/2 (T,£2), 9 ' j G M^ +a/2+ei (T,^),l < j < tfiere exists a unigue 
path-wise solution u G ^Z^Ct) ^° (|3.4p . In particular, if 7 + a > d/p, i/ien f/ie unique path-wise 
solution u is C~<+ a - d /P -valued process (for t < r) a.s.. 

Proof. Step 1. First, additionally assume that (|3.2p holds. Then the existence of path-wise 
solution under (|3.2|) in rlp +a (r) (hence in 'W ^(t))) follows from Theorem 14.51 Now we show that 
the pathwise solution is unique in H^X^t). Let u G % p / 'I "( T ) ^ e a path-wise solution. Define 
r n = t A inf{t : J* * ||u||^y +c< ds > n}. Then u G Hp +Q (r n ) and t„|t since ||u||^y +a ds < 00 for all 
t < t, a.s. By Theorem 14. 5| 



ni 



H n ll^ +Q (r n ) ^ c(T,o» I ||/|| H ;(r n ) + \\ h h;^ 2 (r n ,e 2 ) + S Hh2 +<i/2+£i (r„ A) + Klli^—-/* 

By letting n^oowe find that u G %p +a (r), and the uniqueness of the pathwise solution under 
(|3.2p follows from the uniqueness result of Theorem 14.51 

Step 2. For the general case, note that for each n > and k < Nq, 

Ck,n ■= / |z| 2 f fc (cfc) V / \z\ p v k (dz) < 00. 



'{zeR m :|z|<ri} / V J {z€R m :\z\<n} 



Consider Levy processes {Z\, ■ ■ ■ , Z^°, Z No+1 , • • • ) in place of (Z 1 , Z 2 ■ ■ ■ ), where Z k (k < No) is 
obtained from Z k by removing all the jumps that has absolute size strictly large than n. Note that 
condition (|3.2p is valid with c k replaced by Cfc jn . By Step 1, there is a unique path- wise solution 
v n G %p +q (t) with in place of Z fc for k = 1,2, ••• , iVo- Let T n be the first time that one of 
the Levy processes {Z k ,l <k<N } has a jump of (absolute) size in (n, 00). Define u(t) = v n (t) 
for t < T n At. Note that for n < m, by Step 1, we have v n (t) = v m (t) for t < T n A r. This is 
because, for t < T n At, both u n and u m satisfy (|4.30p with each term inside the stochastic integral 
multiplied by l s <T n (and with Z*, k < Nq, in place of Z k ). Thus u is well defined. By letting 
n — > 00, one constructs a unique pathwise solution u in %Zi "(t). The last claim follows from 
Sobolev embedding theorem. The theorem is proved. □ 
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